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THE ROTATION OF THE PlAllET MERCUR? 

by 
2 3 Giuseppe Colombo and Irwin I. Shapiro 

/s- 
Abstract.  --Reliable radar observations and some of t h e  general ly  

unre l iab le  op t i ca l  observations of Mercury are shown 
t o  be consis tent  with its ro t a t ing  i n  a d i r e c t  fashion 
with a period j u s t  two-thirds of i t s  o r b i t a l  period. 
This p o s s i b i l i t y  may be understood as a consequence 
of t h e  combined s o l a r  torques exerted on t i da l  
deformations and on a permanent asymmetry i n  Mercury's 
equator ia l  plane, as suggested by Colombo. A simple 
model i l l u s t r a t i n g  t h i s  superhamonic resonance 
phenomenon i s  developed i n  some d e t a i l ;  several 
a l t e rna t ive  paths by which Mercury could have reached 
its present s t a t e  of motion a r e  discussed b r i e f ly .  

Introduct ion 

Radar observations of t h e  planets have uncovered some s t a r t l i n g  f ac t s .  

I n  t h e  forefront  of these  a re  t h e  discoveries t h a t  Venus has a retrograde rota-  

t i o n  wi th  a period of 247 f 5 days (Carpenter, 1964; Goldstein, 1964; and 

Shapiro, 1964) and t h a t  Mercury's rotation, while d i r ec t ,  has a period of 

59 f 5 days ( P e t t e n g i l l  and Dyce, 1965). 
doppler maps of t h e  planetary surfaces ( P e t t e n g i l l  and Shapiro, 1965) and seem 

to be beyond question. 

These radar data cons is t  of delay- 

Solar-system theor i s t s  a r e  forced t o  f i n d  an explanation. 
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Our main purpose here i s  t o  present a preliminary, semiquantitative examination 

of a recent proposal made by Colombo (1965) t o  explain Mercury's r o t a t i o n a l  

period. 

period3 and conjectured t h a t  such a r o t a t i o n a l  motion might be s tab le  under 

t h e  influence of s o l a r  torques, provided t h a t  there  i s  

difference between the  two permanent pr inc ipa l  moments of i n e r t i a  ly ing  i n  

Mercury's equator ia l  plane (?.e., provided t h a t  Mercury's i n e r t i a  e l l i p s o i d  de- 

viates  s u f f i c i e n t l y  from r o t a t i o n a l  symmetry). Previously, i n  presenting t h e i r  

exclusively t i d a l  explanation of Mercury's present ro ta t ion ,  Peale and Gold 

(1965) e x p l i c i t l y  discounted t h e  p o s s i b i l i t y  t h a t  a permanent deviat ion from 

a x i a l  symmetry could lead t o  any s tab le  r o t a t i o n a l  period other  than 88 days. 

He noticed t h a t  t h i s  period might be exact ly  two-thirds of t h e  o r b i t a l  

a s u f f i c i e n t l y  la rge  

Before s e t t i n g  up a simple model with which t o  study t h i s  superharmonic 

resonance condition, we s h a l l  discuss the  o p t i c a l  observations of Mercury's 

surface. 

whether o r  not they are consistent with t h e  radar r e s u l t ,  and 2)  t o  determine 

whether, i f  consistent,  they allow a more prec ise  value of t h e  r o t a t i o n  period 

t o  be deduced. Our f i n a l  decis ion t o  include t h i s  discussion w a s  based more 

on i t s  h i s t o r i c a l  i n t e r e s t .  

We or ig ina l ly  examined these  data f o r  two reasons: 1) t o  determine 

Following our preliminary analysis  of t h e  model of Mercury's i n t e r a c t i o n  

with the  sun, w e  ou t l ine  severa l  evolutionary paths t h a t  Mercury may have 

followed and discuss means of dis t inguishing between them based on f u r t h e r  

study of t h e  dy-nanics of i t s  r o t a t i o n a l  motion. 

3Note t h a t  two-thirds of t h e  87.9693 -day s i d e r e a l  o r b i t a l  period i s  approximately 
58.65 days. 
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Analysis of o p t i c a l  data 
4' 

Because of Mercury's small s ize ,  low r e f l e c t i v i t y ,  and close proximity 

t o  t h e  Sun, i t s  markings a r e  very d i f f i c u l t  t o  observe te lescopica l ly  and are 

even more d i f f i c u l t  t o  photograph. The o p t i c a l  observations have consequently 

not been noted f o r  t h e i r  r e l i a b i l i t y .  

A t  t h e  s t a r t  of the  19th century, Schrzter  claimed t o  have seen mountains 

r i s i n g  t o  20 lun on t h e  planet,  and he produced drawings of the  surface.  

Bessel (1813) deduced from these drawings a ro ta t ion  period of 24 h r  0 min 

53 see, with the  ax is  being inclined TO0 t o  t h e  o r b i t a l  plane. Although some 

astronomers remained skept ical ,  many found it especial ly  appealing a e s t h e t i c -  

a l l y  t o  th ink  of Mercury, l i k e  Mars, as having approximately t h e  same length 

of day as the  Earth. 

when Schiapare l l i ' s  extended s e r i e s  of observations (Schiaparel l i ,  1889) 
convinced almost everyone t h a t  Mercury w a s  ro ta t ing  slowly. He himself 

ac tua l ly  concluded t h a t  the  ro ta t ion  was uniform with a period equal t o  t h e  

o r b i t a l  period of 88 days. 

were interpreted as being consistent with t h e  88-day ro ta t iona l  period. 

Danjon (1924) concluded 

t i o n  period w a s  88 days; and Antoniadi (1934) s t a t e d  even more pos i t ive ly  

t h a t  t h i s  period w a s  beyond question. 

were omitted; only a t a b l e  indicat ing the number of times he had observed each 

of a la rge  number of surface markings w a s  included. More recently, Dollfus 

(1953), i n  comparing Schiaparel l i '  s map with h i s  own, concluded t h a t  Mercury's 

r o t a t i o n a l  period equalled i t s  o r b i t a l  period " with a precis ion g r e a t e r  than 

one p a r t  i n  t e n  thousand'' s ince the  features of each map coincided t o  ''within 

10" of hermocentric 

This " f ac t "  w a s  not f i n a l l y  discredi ted u n t i l  t h e  1880's 

From t h a t  time u n t i l  t h i s  spring a l l  observations 

unequivocally; but i l l o g i c a l l y ,  t h a t  Mercury's rota-  

The d e t a i l s  of Antoniadi's proof, however, 

longitude," and since the  maps were separated by 
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"53 years or  220 revolutions of Mercury." 

of t h i s  statement f o r  several  reasons: 

at l e a s t  i n  Schiaparel l i ' s  case, presupposed an 88-day ro ta t iona l  period; and 

2 )  whereas Dollfus 's  map w a s  based on Lyot's v i sua l  and photographic observa- 

t i o n s  of 1924, Schiapare l l i ' s  w a s  based mainly on observations, over several  

years,  i n  the  ear ly  1880~s (although h i s  map w a s  published only i n  1889, i . e . ,  

53 years before Lyot's observations). 

It i s  hard t o  assess the  meaning 

1) t h e  placing of features  on t h e  map, 

We have examined much of t h e  o r i g i n a l  data,  s t a r t i n g  with those i n  

S c h i a p a r e l l i ' s  1889 paper. 

observations of a p a r t i c u l a r l y  prominent surface feature ,  l abe l led  q. These 

observations were made during 6 sets of i n t e r v a l s  i n  1882 and 1883. 
l i t e r a l l y ,  Schiaparel l i '  s t abular  suurmary of r e s u l t s  i s  d e f i n i t e l y  

with a 59-day period. Sets  of h i s  observations of q were separated by approx- 

imately 1 synodic period (116 days). Hence, were q v i s i b l e  a t  both ends of 

t h i s  i n t e r v a l ,  on the  basis  of  an assumed 88-day r o t a t i o n a l  period, it could 

not have been seen a t  the  "proper" place were t h e  period 59 days; t h e  difference 

i n  the  change i n  angular posi t ion on the  2 assumptions i s  about 125' af ter  a 

synodic period. W e  are forced t o  conclude t h a t  on a t  l e a s t  some days of 

observation, Schiaparel l i  mistakenly thought he had i d e n t i f i e d  t h e  same feature  

seen a t  other  times. 

successful ly  exploding the myth of rapid ro ta t ion .  

The 88-day period w a s  there  based primarily on 

Taken 

consis tent  

Nonetheless, Schiapare l l i  must be given f u l l  c r e d i t  f o r  

Schiapare l l i ' s  1889 planispheric-map drawing of t h e  only hemisphere of  

Mercury presumably illuminated by t h e  Sun if l i b r a t i o n  i s  ignored, apparently 

exerted a strong influence on subsequent observers; e.g. ,  Dollf'us (1953) did 

not consider the l a t e r  maps of Rudaux (1928) and Antoniadi (1934) t o  be 

independent of Schiaparel l i ' s .  

appraised as being more a product of h i s  imagination than  of t h e  a c t u a l  surface 

of Mercury. Despite these indicat ions of mutual d i s t r u s t  among observers and 

of the  probable u n r e l i a b i l i t y  of t h e  data,  we s tudied t h e  dated drawings of t h e  

Lowell's map (1897) i s  almost universal ly  
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appearance of Mercury's surface t h a t  were published by Antoniadi (1934), by 

Danjon (19$t),  and by Dollfus (1953). 
t h e  s e t s  of drawings made over short  time spans so  as t o  i n f e r  t h e  r o t a t i o n a l  

period unambiguously (granted t h e  slow-rotation hypothesis ) although inaccu- 

ra te ly .  We a l s o  thought, a t  f irst ,  t h a t  t h e  r e l i a b i l i t y  of t h e  i d e n t i f i c a t i o n  

of t h e  same surface fea tures  by t h e  observer might be grea te r  f o r  observations 

made c lose r  together  i n  time. Even taking t h e  drawings qui te  l i t e r a l l y ,  we 

found d i f f i c u l t y  i n  convincing ourselves of t h e  proper i d e n t i f i c a t i o n  of t h e  

same fea ture  on 2 that were separated by more than about 10 days. 
We found t h e  r e s u l t s  of measurements on t h e  r e l a t i v e  loca t ion  of " ident ica l"  

fea tures  that moved through t h e  region of l e a s t  foreshortening t o  be somewhat 

more consis tent  with t h e  59-day period than with the  88-day period. 

r e s u l t  w a s  a per iod of 70 3~ 15  days, which w e  obtained from t h e  drawings 

of 6 October and 19 October 1950 (Dollfus, 1953). 
accurate  determination of t he  period can be made by working with drawings widely 

separated i n  time. But obstacles  s t i l l  remain. Not only i s  the re  t h e  same 

problem of r e l i a b l y  associat ing markings, but  a l s o  t h e  wider t h e  time separat ion 

of two observations t h e  g rea t e r  i s  t h e  ambiguity i n  in te rpre t ing  t h e  r e s u l t s .  

We do not know a p r i o r i  how many complete revolutions intervened between t h e  

two observations.  Rather than computing t h e  whole set of possible  so lu t ions  

f o r  each pair of drawings, we confined ourselves t o  those within t h e  range of 

ambiguity allowed by t h e  radar  data.  

t h a t  Mercury's r o t a t i o n  ax is  i s  approximately perpendicular t o  i t s  o r b i t a l  plene, 

the d i r e c t  r o t a t i o n  period P i n  days may be expressed a s  

b' 

We paid espec ia l ly  carefu l  a t t e n t i o n  t o  

A t y p i c a l  

I n  pr inc ip le ,  a more 

- 

Given two observations and t h e  a s s u p t i o n  

9 
At P =  

where A t  i n  days i s  the  elapsed t i m e  between t h e  observations, n i s  zero or a 

pos i t i ve  in teger ,  and A @  denotes the  hermocentric s ide rea i  i o n g i t ~ e  of the 

E a z t h  a t  the t i m e  03 t he  la ter  observation minus the  corresponding quant i ty  
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f o r  the e a r l i e r  observation i f  the  locat ion of the fea ture  being compared has the 
same r e l a t i o n  t o  the subearth point on Mercury i n  both cases. If the  r e l a t i v e  

loca t ion  i s  otherwise, A @  must be adjusted accordingly. 

29 March 1912 and 2 May 1923 (Danjon, 1924), we f ind  possible solut ions e t  

P = 57.0, 57.8, 58.6, 59.5, 60.4 days, e t c . ,  w i t h  the uncertpinty i n  each being 

about f 0.15 days. The drawings of 27 September 1927 and 23 August 1929 

(Antoniadi, 1934) y ie ld  P = 50.0, 53.9, 58.4, 63.7 days, e t c . ,  with a probable 

e r r o r  of f 0.4 days. 

lead t o  P = 56.4, 57.5, 58.7, 59.8 days, etc. ,  with a probable e r r o r  of & 0.1 days. 

We compared the 1923 and 1927 drawings t o  check f o r  consistency i n  the "epoch" 

and found P = 54.9, 56.9, 58.9 days, e t c . ,  with a probable e r r o r  of f 0.3 days. 

(Even i T  the  same features  could be discerned on each, the comparing of 

Antoniadi's and Dollfus 's  drawings would not be too useful  because the  i n t e r v e l s  

between possible solutions would be very s m a l l  i n  the region of i n t e r e s t . )  

a l l  cases,  the e r r o r s  quoted a r e  inversely proportional t o  A t  

on t h e  inaccuracy i n  determining the r e l a t i v e  hermocentric s i d e r e a l  longitude 

of the  common fea ture  selected from a p a i r  of drawings. 

include the  possible systematic e r r o r  caused by observer b i a s .  

For the  drawings dated 

Those of 22 Ju ly  1942 and 12 October 1950 (Dollfus, 1953) 

I n  

and are  based 

No attempt w a s  made t o  

These resu l t s  appear t o  be not s i g n i f i c a n t l y  inconsis tent  with Mercury's 

r o t a t i o n  period being 58.65 days. 

S c h i a p a r e l l i ' s ,  almost a l l  o p t i c a l  observations were made a t  i n t e r v a l s  corres- 

ponding i n  essence t o  even multiples of Mercury's o r b i t a l  period and hence t o  

i n t e g r a l  multiples of 58.65 days. 

Antoniadi and Lyot seem t o  ru le  out t h i s  p o s s i b i l i t y ,  and t h e  f a c t s  t h a t  

prominent features  on the one hemisphere were never noted a s  being i n  the 

"wrong" location and t h a t  the other hemisphere of Mercury was never recognized 

as  such provide powerful evidence f o r  considering all drawings or" Mercury's 

We might even suppose t h a t ,  except for 

The extended s e r i e s  of observations made by 
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surface t o  be suspect. Prudence probably demands t h a t  we look t o  future  r a t h e r  

than t o  past  observations f o r  a rel iable  reduction i n  t h e  present uncertainty 

given by the  radar determination of Mercury's r o t a t i o n a l  period. 

b> 

4 

A simple model of Sun-Mercury interact ions 

Mercury's physical  const i tut ion and shape a r e  too poorly known t o  allow 

us t o  formulate an accurate model of the s o l a r  in te rac t ions  t h a t  a f f e c t  i t s  

r o t a t i o n a l  motion. Moreover, since our main goal here i s  merely t o  demonstrate 

t h e  s t a b i l i t y  of a r o t a t i o n a l  period equal t o  

we s h a l l  confine our analysis  t o  a very simple model. F i r s t  of a l l ,  we s h a l l  

consider Mercury's angular veloci ty  vector t o  be normal t o  i t s  o r b i t a l  plane 

so  t h a t  we may r e s t r i c t  ourselves t o  a two-dimensional problem. We assume 

t h a t  t h e  t o t a l  torque exerted on Mercury by t h e  Sun i s  composed of two p a r t s :  

a t i d a l  torque and a torque caused by Mercury's lack  of a x i a l  symmetry. How 

s h a l l  w e  represent these terms analyt ical ly? Consider the  t i d a l  term first.  

The theory of a l i n e a r ,  s l i g h t l y  damped o s c i l l a t o r  shows t h e  response t o  l a g  

i n  phase behind t h e  forcing function by an amount proportional t o  t h e  damping 

coef f ic ien t .  

on t h e  s t rength  and frequency of  t h e  forcing function as w e l l  as on t h e  

s t r u c t u r a l  and compositional properties of t h e  planet.  For simplicity,  w e  

s h a l l  t ake  t h e  phase l a g  t o  be a constant angle. Since it i s  a l a g , i t s  s ign  

w i l l  of course depend on t h e  s ign of Et - G, where 6 i s  t h e  i n e r t i a l  ( d i r e c t )  

r o t a t i o n a l  angular ve loc i ty  of Mercury about i t s  center  of mass, and t i s  t h e  

o r b i t a l  angular velocity.  

w i l l  increase i n  a counterclockwise direct ion fram the  Mercury-Sun l i n e  when 

one looks down on t h e  o r b i t a l  plane from t h e  north).  

body d i s t o r t i o n  o r  t i d a l  bulge on Mercury. W e  may argue t h a t  t h e  s t r a i n  

two-thirds of  t h e  o r b i t a l  period, 

I n  our case, the  analog of t h e  damping coeff ic ient  may depend 

For k > +, t h e  l a g  angle w i l l  be posi t ive (i.e. , 

W e  must s t i l l  model the  

4 McGovern e t  a l .  (1965) a l s o  reanalyzed t h e  o p t i c a l  observations of Mercury's -- 
surface,  but reached the  stronger conclusion t h a t  these data show the r o t a t i o n  
period t o  be 58.4 f 0.4 days. 
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induced i n  t h e  planet i s  d i r e c t l y  proportional t o  the  small d i f f e r e n t i a l  

s t r e s s  caused by the  difference i n  s o l a r  gravi ty  at  d i f f e r e n t  distances from 

t h e  Sun. The motion of t h i s  s t ra ined  configuration depends again on s o l a r  

gravi ty ,  thus giving r i s e  t o  t h e  oft-quoted r e s u l t  t h a t  t h e  t i d a l  torque i s  

inversely proportional t o  the  s i x t h  power of t h e  dis tance from t h e  primary 

( i n  t h i s  case, the Sun). 

t i o n a l t o  t h e  inverse cube of the  dis tance and so both t h e  s t r e s s  and t h e  

torque on t h e  d is tor ted  configuration a r e  individual ly  proportional t o  t h e  

inverse cube. 
exp re  s s ion 

The d i f f e r e n t i a l  g rav i ta t iona l  a t t r a c t i o n  i s  propor- 

4 
We may therefore  approximate t h e  t i d a l  torque Tt by t h e  

A 

where k i s  a unit  vector normal t o  the  o r b i t a l  plane and d i rec ted  generally 

north, 'fl i s  a posit ive constant, and r is the  Mercury-Sun distance.  

W e  may for  s implici ty  t reat  the  permanent axial asymmetry of Mercury as 

a dipole i n  the  equator ia l  plane, superposed on an otherwise spher ica l ly  

symmetric planet.  

a dis tance d from the  p l a n e t ' s  center  of mass, with t h e  l i n e  joining them 

passing through t h e  center of mass, then  t h e  r e s u l t a n t  s o l a r  torque T' 
e a s i l y  shown t o  be 

If the  dipole consis ts  of two points  each of mass m and each 

is 
Pd 

3GMa(B - A )  s i n  2(8 - V )  

3 
T' = -  

2 r  pd 

where G i s  t h e  gravi ta t ional  constant, Ma t h e  mass of t h e  Sun, 8 t h e  or ien ta-  

t i o n  of the  dipole l i n e  with respect t o  t h e  a p s i d a l  l i n e  of the  o r b i t ,  v t h e  

o r b i t a l  t r u e  anomaly, and B - A = 2md2 t h e  difference between t h e  maXiInWn 

( 3 )  



. 
h" and minimum moments of i n e r t i a  lying i n  t h e  p l a n e t ' s  equator ia l  plane. The 

ax is  of minimum moment of i n e r t i a  obviously l i es  along t h e  dipole l i n e .  A 

more r e a l i s t i c  model of a planet with an e l l i p t i c a l  equator yields  the same 

r e s a t  as eq. (3) .  

There w i l l  of course be coupling between Mercury's ro ta t iona l  and 

o r b i t a l  motion. 

only one day, i t s  t o t a l  angular momentum of ro ta t ion  would have been less than 
7 1 p a r t  i n  LO of i t s  present o r b i t a l  angular momentum. 

neglecting the  e f f e c t s  on o r b i t a l  motion. Mercury a l s o  raises a t i d e  on t h e  

Sun and t h e  resu l tan t  in te rac t ion  w i l l  a f f e c t  Mercury's o r b i t a l  motion. A 

preliminary estimate indicates  t h a t  t h i s  e f f e c t  too  may be neglected. 

o r b i t a l  motion i s  affected s igni f icant ly  by t h e  perturbing e f f e c t s  of o ther  

planets .  A s  shown by Brouwer and Clemence (1961), Mercury's e c c e n t r i c i t y  

e apparently undergoes a long-period o s c i l l a t i o n  between the  values of 0.11 and 

0.24; i t s  apsidal  l i n e  r o t a t e s  with a period of about 2.2 X 10 years. For 

t h e  moment, we neglect these variations as wel l  and w r i t e  the  decoupled 

equation of motion f o r  r o t a t i o n a l  motion as 

However, even i f  Mercury's r o t a t i o n a l  period had once been 

We a r e  therefore  s a f e  i n  

But the  

5 

3GMO(B - A) 
s i n  2 ( e  - v)  , rl = - 3 sgn ( e  - GI- 3 I 

where t h e  o r b i t a l  parameters are presumed constant and where I i s  the  moment 

of i n e r t i a  about t h e  k a i s .  Consolidating COnStantS we f ind 
A 

cy 8 = - sgn (i - - + s i n  2 ( e  - v )  . 
r r 

The order of magnitude of t h e  important r a t i o  cy/B w i l l  be considered l a t e r .  

(4) 

( 5 )  
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For t h e  ro ta t iona l  motion t o  be s table ,  we require t h a t  t h e  average 
b 

t o t a l  torque vanish,and t h a t  if Mercury's or ien ta t ion  and frequency of rota-  

t i o n  a r e  perturbed then t h e  resu l tan t  torque tends t o  oppose the  perturbations.  

Since cy and B are very small, we may replace the  r igh t  s ide  of eq. ( 5 )  by i t s  

average value over an o r b i t a l  period, keeping 6 and t h e  o r b i t a l  elements 

constant. A somewhat tedious calculat ion shows t h a t  

7 

cy ' I  a6(1-e 2 9/2 
- 1 j d t [ -  5 sgn ( 6  - v) = - 
7 r 

0 

where 

11 2 2 - [1+ 3e2 + 8 3 4  e ]  ; 6 5 p p  [X - e] 

1 1 [2(n - 2vc) - 16e s i n  vc 2l-r 

+ 6e2 [T - 2vc - s i n  2v 

- 16 e3[3 s i n  v - s in3  v] C 

+ 

C 1 
3 C 

4 
[ 6 ( ~  - 2vC) - 8 s i n  2vc - s i n  4vc] ; 

(7)  
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. 
A 

and where p denotes GMo, p t h e  semilatus rectum, a t h e  semimajor axis ,  and I- - I -  . $-I2 
t h e  period of Mercury's orb i t .  If 9 s [l - el2,  which corresponds t o  a 

$1 = 
d i r e c t  ro ta t ion  with period 2 132 days and t o  any retrograde rotat ion,  the  

t i d a l  torque w i l l  be pos i t ive  throughout t h e  o r b i t ;  i f  6 2 p$ [l -t el2, which 

corresponds t o  a d i r e c t  ro ta t ion  with period .s 56 days, t h e  t i d a l  torque w i l l  

be negative throughout t h e  orb i t .  

changes s ign when v = v 
For intermediate values of 8, t h e  torque 

and when v = 2rr - v . 
C C 

A s imi la r ly  tedious calculat ion leads t o  

L 

2 

2 
e + -  + 0 ( ~ 3 )  , I 

1/2/a3/2 is Mercury's mean motion and 8 is  t h e  i n i t i a l  or ienta-  where n = 1.1 0 
t i o n  of t h e  equator ia l  axis of minimum moment of i n e r t i a  w i t h  respect t o  t h e  

a p s i d a l  l i n e  a t  perihelion. 

order  resonance a t  6 = n; i n  first order i n  e, w e  f i n d  a resonance a t  

8 = n/2 and a surpr i s ing ly  s t rong resonance a t  6 = 3n/2, corresponding t o  

Equation (8) exhib i t s  t h e  expected zero- 

-11- 



t h e  58.65-day rotat ion period. 

a t  6 = n and 6 = 2n. I n  the  l i m i t  as i / n  approaches an i n t e g r a l  or hal f -  

i n t e g r a l  value, it i s  easy t o  show t h a t  

I n  second order i n  e, we f ind  resonances only 

- cos 2€10 - 7 41-r 6 s i n  2€10 + 0(62) , (9) 
i t m  - + - &  6 n 2  

where m = 0,1,. . . , and 6 << 1. 

maximum when t h e  equator ia l  axis of minimum moment of i n e r t i a  i s  or iented a t  

45" t o  t h e  apsidal  l i n e  a t  t h e  time Mercury passes through perigee. 

c l e a r  t h a t  fo r  nonresonant values of 6/n, t h e  grav i ta t iona l  torque tends t o  

average out over s u f f i c i e n t l y  long time in te rva ls .  

a gravi ta t iona l  resonance depends on the  length of time over which it i s  va l id  

t o  consider 6 constant. 

and (8);  the l a t t e r  is  shown f o r 8  = k45' with t h e  pos i t ive  values of t h e  0 
average torque corresponding t o  8 = - 4 5 O ,  except f o r  the  resonance a t  - n = - 2 '  0 
f o r  which ? 
only schematically. 

and e = 0.25, respectively. All ordinate scales a r e  a r b i t r a r y ;  i n  p a r t i c u l a r  

t h e  ordinates for Tt and f o r  

t h e  coeff ic ient  of 

1 i s  given. 
4P3 

Hence t h e  average gravi ta t iona l  torque i s  a 

It is  

The ef fec t ive  width of 

I n  Figure 1 we have p lo t ted  t h e  r i g h t  s ides  Of eqs . (6) 

8 1  

has the opposite sign. The resonance widths have been drawn 
Pd 

Figures 2 and 3 show t h e  corresponding curves f o r  e = 0.15 

are not drawn t o  t h e  sme scale .  

i s  shown, whereas f o r  ? 
For Tt only a Pd 

t h e  coef f ic ien t  of 
pd a 6 ( l  - 

It i s  clear t h a t  if a/p i s  s u f f i c i e n t l y  s m a l l ,  there  w i l l  be some value 

of 0,(0 5 eo 5 180") f o r  which t h e  average t o t a l  torque w i l l  be zero when 

6 = 3n/2. 

f r a c t i o n a l  difference i n  Mercury's equator ia l  moments of i n e r t i a  i d e n t i c a l  

t o  t h a t  of t h e  Moon ( i . e . ,  2 X 10 

A s  an  indicat ion of t h e  a c t u a l  value of ./e, w e  note t h a t  were t h e  

-4 ), then 

$ 1  
I 
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when time i s  expressed i n  u n i t s  of Mercury's o r b i t a l  period and distances are 

expressed i n  u n i t s  of - i t s  semimasr axis .  

, where - is  t h e  approximate expression given by we s e t  Tt equal t o  - - 8 d t  
Munk and MacDonald (1960) f o r  t h e  t i d a l  energy diss ipated i n t o  heat by t h e  

Earth, but with parameter values appropriate f o r  the  Mercury-Sun case s u b s t i -  

t u t e d  f o r  those su i tab le  f o r  the  Earth-Moon system. 

2.5 X 

( M u n k  and MacDonald, 1960), w e  find 

b 
To obtain a crude estimate of a, 

dE 
d* 

For a phase l a g  of 

rad, which corresponds approximately t o  t h e  Q of the  Earth 's  i n t e r i o r  

-7 a x  2 x 10 

i n  t h e  same u n i t s  as were used t o  express B. Even were t h e  f r a c t i o n a l  

difference i n  Mercury's equator ia l  moments of i n e r t i a  much smaller than t h e  

difference f o r  t h e  Moon, and even were the t i d a l  torque far grea ter  than 

estimated above, we would f ind t h a t  a very small negative value of 

s u f f i c e  t o  make t h e  t o t a l  average torque vanish a t  8 = 3 
t a t i o n  and frequency w i l l  indeed be stable is i l l u s t r a t e d  i n  Figure 4, where 

we show the  r e s u l t s  of a numerical integrat ion of eq. (5) .  The values of 8 

and 9 a r e  presented a t  successive perigee passages. 

convergence t o  a s tab le  point i n  the  phase plane without excessive use of 

computer time, we increased t h e  value of a t o  

would 

That such an orien- n 2 '  

( I n  order t o  show t h e  

The tendency t o  converge 
3 - 3  toward t h e  stable point a t  9 M n t  - 0.01 rev, 8 M 5 n + 0.001 rev/orb. per. 

i s  apparent. 

We reserve for  another report  an  ana ly t ica l  demonstration of t h i s  s t a b i l i t y .  

There we w i l l  a l s o  discuss the  p o s s i b i l i t y  of achieving s t a b i l i t y  a t ,  f o r  

example, 6 = n and at = 2n f o r  various values of e. A q u a l i t a t i v e  indicat ion 
- 3  

2 of t h e  "favored" pos i t ion  of 8 = - n can be gleaned from t h e  r e l a t i v e  s t rengths  

of TDd, espec ia l ly  f o r  e = 0.25. 
- 
- 
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For comparison, we show i n  Figures 5 and 6 t h e  or ientat ions of the axis  
* 3  

= 0, 8 = - n, 0 2 
oI" minimum moment of i n e r t i a  a t  d i f f e r e n t  o r b i t a l  posit ions f o r  8 

and eo = 0, 8 = n, respectively.  

moment of i n e r t i a  i s  aligned very closely with the  Mercury-Sun l i n e  throughout 

the  region of strong in te rac t ion  near perihelion, thus giving a geometric indica- 
t i o n  of the  re la t ive ly  la rge  magnitude of '?! 

t i v e l y  s m a l l  value of eo, t h e  torque '? 
t h i s  region. 

- 3  Note t h a t  f o r  8 = F n ,  the axis  of minimum 

a t  8 * = 3 n. mat i s ,  f o r  8 r e l a -  

w i l l  maintain the same s ign throughout 
Pd 

Pd 

Problems f o r  future study 

We may conclude at least t h a t  t h e  observations and our t h e o r e t i c a l  

analysis  are consistent with Mercury's present r o t a t i o n  being s t a b l e  with a 

period equal t o  two-thirds of i t s  o r b i t a l  period. 

remain; w e  s h a l l  consider some of these b r i e f l y  i n  t h e  context of two possible  

evolutions of Mercury's s t a t e  of motion. Without delving i n t o  the  problem of 

planet  fornation, we may start  with the  following possible  i n i t i a l  configura- 

t i o n s :  

with a period on the  order of 10 hr; and 2 )  Mercury moving i n  a retrograde o r b i t  

about Venus (Shapiro, 1965). For configuration 1) we must show t h a t  enough 

time has been avai lable  f o r  s o l a r  t i d a l  f r i c t i o n  (or other  devices) t o  have 

reduced t h e  ro ta t iona l  angular veloci ty  t o  i t s  present  value. If we assume 

t h a t  e has always varied between 0.1 and 0.25 and t h a t  t h e  e f fec t ive  Q of 

Mercury i s  the same as t h a t  of Earth, then 5 X 10 

in te rva l .  For t h e  Earth, however, most of t h e  e n e r a  l o s s  seems t o  be 

through land-waterfr ic t ion which i s  most l i k e l y  not t r u e  f o r  Mercury. 

Light reflected from Mercury yields  a polar iza t ion  curve very similar t o  t h e  

Moon's (Antoniadi, 1934) and lends support t o  t h e  supposit ion t h a t  i t s  surface 

may be Of t h e  same porous, but s o l i d  s t ruc ture .  

ments a l s o  seem consistent with the  surface being s o l i d .  

more reasonable t o  take f o r  t h e  e f fec t ive  Q of Mercury a value corresponding 

more closely to t h a t  f o r  the  i n t e r i o r  of t h e  Earth as w a s  done i n  evaluating 

Cy above. 

Many questions, of course, 

1) Mercury orb i t ing  about t h e  Sun and r o t a t i n g  i n  a d i r e c t  fashion 

9 y r  appears t o  be a s u f f i c i e n t  

Recent temperature measure- 

It therefore  appears 

The age Of t h e  s o l a r  system then only provides bare ly  enough t i n e  

-14 - 



* 

f o r  t i d a l  d i ss ipa t ion  t o  account f o r  t h e  present r o t a t i o n a l  speed. 

first configuration we must a l s o  explain t h e  or ig in  of the  permanent equator ia l  

deformation. Another question is: 

For the  
1 

"If Mercury's ro ta t ion  i s  now stable w i t h  

n why were e a r l i e r  s t a t e s  (e.g. , 6 NN 2n) not s tab le?  " 

Given t h e  second i n i t i a l  configuration, we may envision tha t  t i d a l  i n t e r -  

ac t ion  eventually resul ted i n  both Mercury and Venus constantly presenting t h e  

same face t o  each other, thus accounting f o r  Venus's retrograde rotat ion.  But 

one must then f ind a plausible  model of t h e  Sun's capture of Mercury and of 

t h e  la t ter '  s evolution i n t o  i t s  present orb i t ,  without v io la t ing  order of 

magnitude estimates of the energies and angular momenta involved. A t  least 

an  a x i a l  asymmetry of Mercury's i n e r t i a  e l l ipso id ,  comparable t o  that of the 

Moon, would be more e a s i l y  explained on t h e  basis of t h i s  i n i t i a l  configuration. 

We must, of course, s t i l l  show haw Mercury's ro ta t ion  evolved t o  i t s  present 

value from an i n i t i a l  post-Sun-capture retrograde motion, i. e. , we must show, 

f o r  example, that  i t s  angular veloci ty  would not have remained near t h e  value 

0 = n. 

Depending on t h e  outcome, a s t a b i l i t y  analysis  of 8 = n and of 8 = 2n 

may enable us t o  d is t inguish  between these two evolutionary paths; a t  l e a s t ,  

we w i l l  be able  t o  place limits on the values tha t  cy and 

a t  various stages of t h e  evolution. 

e q u a t o r i a l  e l l i p t i c i t y  and i t s  or ientat ion w i l l  a l s o  help place bounds on CY 

and B .  
veloc i ty  vector might be usefu l  t o  es tab l i sh  the  present stage of evolution 

of t h e  r o t a t i o n a l  motion i n  comparison with t h e  Moon's (i. e. , t o  e s t a b l i s h  t h e  

proximity t o  the s t a b l e  minimum of t h e  precession angle of the angular veloci ty  

vector) .  

may have possessed 

Future radar determinations of Mercury's 

Knowledge of t h e  a c t u a l  direct ion of Mercury's r o t a t i o n a l  angular 

-15 - 



Although the  conclusions concerning the  amplitude of o s c i l l a t i o n  of e 

may be i n  error ,  t h e  ro ta t ion  of the  apsidal  l i n e  can hardly be i n  doubt. 

W e  must, therefore,  demonstrate t h a t  f o r  the  s tab le  ro ta t ion  the  axis of 

minimum moment of i n e r t i a  maintains i t s  or ien ta t ion  a t  per ihel ion as t h e  

l a t t e r  rotates.  Any change i n  e c c e n t r i c i t y  w i l l  a l t e r  t h e  balance of and 

T i n  vir tue of t h e i r  d i f f e r e n t  radial dependencies. The e f fec t  on s t a b i l i t y  

of such changes must be investigated; i n  p a r t i c u l a r  the  p o s s i b i l i t y  of t h e  

r o t a t i o n a l  angular veloci ty  evolving from being near one harmonic of n t o  

being near another must be considered. But if cy w a s  always on t h e  order  of 

then the time scale  of evolution of Mercury's r o t a t i o n a l  motion might 

be s u f f i c i e n t l y  long f o r  us t o  average over t h e  o s c i l l a t i o n s  i n  e caused by 

planetary perturbations. 

- Pd 

P 

We intend t o  return t o  many of these  problems i n  a later study. 
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Figure 4.--An indicat ion of t h e  s t a b i l i t y  of Mercury's r o t a t i o n  for - e 3  = - 
n 2  

obtained from a numerical in tegra t ion  of eq. (5 ) .  The points  
i n d i c a t e  the  coordinates i n  phase space of t h e  axis of minimum 
moment of i n e r t i a  a t  t h e  p a r t i c u l a r  per ihe l ion  passage indicated 
by t h e  accompanying number. A continuous curve w a s  drawn through 
these points  so le ly  t o  emphasize t h e  t rend toward convergence. 



b 

b 

Figure ?.--Orientation of Mercury's axis of minimum moment of i n e r t i a  a t  
- 3  various points  along i t s  orbit f o r  8 = 5 n,  0 = 0. 0 
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Figure 6. --Orientation of Mercury's axis of minimum noment of i n e r t i a  at 

various points  along i t s  o r b i t  f o r  6 = n, eo = 
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